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Abstract
We study chaotic dynamics in two-dimensional conformal field theory through
out-of-time order thermal correlators of the form 〈W (t)VW (t)V 〉. We reproduce bulk
calculations similar to those of [1], by studying the large c Virasoro identity block.
The contribution of this block to the above correlation function begins to decrease
exponentially after a delay of ∼ t∗− β2pi log β2EwEv, where t∗ is the scrambling time
β
2pi log c, and Ew, Ev are the energy scales of the W,V operators.
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1 Introduction
Chaos is a generic feature of thermal systems, but it is difficult to study directly. This is
both because chaotic systems tend to be poorly suited to perturbation theory, and because
e.g. the butterfly effect is not easily visible in time-ordered vacuum correlation functions.
In recent work [1, 2, 3, 4, 5], gauge/gravity duality was used to expose chaos in the gauge
theory in terms of shock waves on the horizons of AdS black holes.
In this paper, we will reproduce part of that analysis without using holography directly.
We will instead focus on a particular contribution to the four point function given by the
large c Virasoro identity block. The close relationship between 2+1 gravity and the identity
Virasoro block has been demonstrated recently in [6, 7, 8]; our work should be understood
as an application of the techniques in these papers to the problem studied in [1, 2, 3, 4, 5].
The central object of our study will be a non-time-ordered correlator of the form1
〈W (t)VW (t)V 〉β. (1)
Here, the subscript β indicates a thermal expectation value. W,V are approximately local
operators, smeared over a thermal scale, and with one-point functions subtracted. In
a suitably chaotic system, this type of correlation function becomes small as t becomes
1In this paper, we use the standard convention W (t) = eiHtWe−iHt.
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large. We believe that this happens for practically any choice of W and V (subject to
the above conditions) and that, in fact, this behavior is a basic diagnostic of quantum
chaos. To motivate this point, it is helpful to regard Eq. (1) as an inner product of two
states: one given by applying V then W (t), and one given by applying W (t) then V .
Intuition from classical chaos suggests that these states should be rather different if the
time t is sufficiently long, hence a small overlap. This was confirmed for holographic
theories in the gravity analysis of [1, 2, 4]. Such correlation functions have also been
studied recently, using similar techniques, by Kitaev [5], who interpreted the initially
exponential decrease in terms of Lyapunov exponents, following [9]. Kitaev also pointed
out the unusual quantization of these exponents in a theory dual to gravity.
The discussion above should be contrasted with the behavior of correlation functions
with the orderings
〈W (t)W (t)V V 〉β, 〈VW (t)W (t)V 〉β, (2)
both of which tend to an order-one value 〈WW 〉β〈V V 〉β as t becomes large. In the case of
theWWV V configuration, this is because the correlator is time-ordered, and the connected
contribution decays with t. The VWWV ordering can be understood as an expectation
value of WW in a state given by acting with V on the thermal state. If the energy injected
by V is small, the state will relax and the expectation value will approach the thermal
value, 〈WW 〉β, multiplied by the norm of the state, 〈V V 〉β.
Each of the Lorentzian correlators in (1) and (2) can be obtained by analytic continu-
ation of the same Euclidean four point function. The sharp difference in behavior arises
because the continuation defines a multivalued function, with different orderings corre-
sponding to different sheets. To see the buttefly effect, one has to move off the principal
sheet.
Although what we have said up to now is completely general, most of the paper will be
restricted to two dimensional conformal field theory. There are two reasons for this. The
first is that conformal symmetry in two dimensions relates thermal expectation values (in
a spatially infinite system) to vacuum expectation values. This makes it possible to study
the thermal correlation functions described above using standard conformal blocks on the
plane. A key feature of the conformal mapping is that long time t in (1) and (2) translates
to small values of the cross ratios z, z¯. This suggests an OPE limit, and indeed, for the
orderings in Eq. (2), the large t behavior is dominated by the identity operator in the
operator product of WW . However, for the ordering in Eq. (1), z has moved to a second
sheet of the Euclidean correlation function, where the ordinary OPE does not apply.
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A very similar situation arose in the study of high energy AdS scattering by [10, 11, 12].
As pointed out in those references, a formal expansion in continued conformal blocks is still
possible on the second sheet of the four point function. The conformal block associated
to global primaries with spin J and energy E give a contribution proportional to (in our
variables)
e
2pi
β
(J−1)|t|e−
2pi
β
(E−1)|x|, (3)
where x is the spatial separation of the operators W,V . Here, the contribution of high-spin
operators increases with t. In purely CFT terms, this is the reason the ordering in Eq. (1)
is more interesting than those in Eq. (2).
This brings us to the second advantage of 2d CFT: we can sum a particular class
of global primaries by studying the Virasoro conformal block of the identity operator.
As we will see, this reproduces an AdS3 bulk calculation in the style of [1, 2, 4], and it
provides a purely field-theoretic window into fast scrambling [13, 14, 15, 16]. However, we
emphasize that contributions of operators with high spin are important. Even with the
usual assumption of a large gap in operator dimensions, restricting to Virasoro descendants
of the identity becomes a bad approximation at sufficiently large t. In the bulk, what
is left out are stringy corrections to the Einstein gravity computation [17]. Still, the
Einstein gravity results provided a useful starting point for the investigation of chaos
using holography, and we hope that the Virasoro identity block will provide a similarly
useful starting point in conformal field theory.
The plan of the paper is as folllows. In § 2.1, we will set up the configuration of
operators and review the Euclidean conformal block expansion. In § 2.2, we will discuss
the analytic continuations required to obtain Eq.s (1) and (2) from the Euclidean corre-
lator. We will also review the “second sheet OPE,” following [11]. In § 2.3, we will study
the contribution of the stress tensor (and its Virasoro module) in detail. By analytically
continuing Virasoro conformal blocks, we will reproduce a special case of the gravity cal-
culations that demonstrated the butterfly effect in [1, 2, 4]. For the convenience of the
reader, this calculation is spelled out in detail in appendix A.
Before we begin, we will clarify one further point. We have advertised the behavior
of the correlation function (1) as a diagnostic of quantum chaos. We should contrast this
with the expected behavior in an integrable system. In such a system, certain out-of-time
order correlation functions of the type (1) might tend to zero for large time t. However,
this should not happen for all pairs of operators W,V . In appendix B we demonstrate this
in a familiar integrable system: the two dimensional Ising model.
3
WV x
t
Figure 1: Left: the spacetime arrangement of the W and V operators. Right: their
locations after the conformal mapping, viewed in the Rindler patch on the boundary of
AdS3 (grey) covered by x, t. The union of the grey and yellow regions are the Poincare
patch covered by z, z¯.
Note: While this work was in progress, we became aware of a very interesting project
by S. Jackson, L. McGough, and H. Verlinde [18]. We believe that their work is closely
related to ours, and we have arranged to post our articles simultaneously.
2 CFT calculations
2.1 Conventions and review
In this paper, we will study thermal four-point correlation functions of W and V , Eq.s (1)
and (2). Eventually, these operators will be arranged in the timelike configuration shown
in Fig. 1, where V is at the origin, and W is at position t > x > 0. However, we will
obtain these correlation functions by starting with the Euclidean correlator and analyt-
ically continuing. We will work exclusively in the setting of two-dimensional conformal
field theory. This allows us to map the thermal expectation values to vacuum expectation
values through the conformal transformation
z(x, t) = e
2pi
β
(x+t), z¯(x, t) = e
2pi
β
(x−t). (4)
Here, x, t are the original coordinates on the spatially infinite thermal system and z, z¯ are
coordinates on the vacuum system. Explicitly,
〈O(x, t)...〉β =
(
2piz
β
)h(
2piz¯
β
)h¯
〈O(z, z¯)...〉, (5)
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where h, h¯ are the conformal weights of the O operator, related to the dimension and spin
by ∆ = h+ h¯ and J = h− h¯. On the left hand side, we have a thermal expectation value,
at inverse temperature β, and on the right hand side we have a vacuum expectation value
on the z, z¯ space. It is common to work with units in which β = 2pi, but we prefer to keep
the β dependence explicit.
It will be essential in this paper to study correlation functions with operators at com-
plexified times ti. In our convention, real t corresponds to Minkowski time, and imaginary
t corresponds to Euclidean time. Notice from (4) that z¯ is the complex conjugate of z only
if the time t is purely Euclidean. In order to make contact with standard CFT formulas
for the four point function, we will begin with a purely Euclidean arrangement of the
operators. This means a choice of z1, z¯1, ..., z4, z¯4 with z¯i = z
∗
i . With such a configuration,
the ordering of the operators is unimportant, and global conformal invariance on the z, z¯
plane implies that the four point function can be written
〈W (z1, z¯1)W (z2, z¯2)V (z3, z¯3)V (z4, z¯4)〉 = 1
z2hw12 z
2hv
34
1
z¯2h¯w12 z¯
2h¯v
34
f(z, z¯). (6)
in terms of a function f of the conformally invariant cross ratios
z =
z12z34
z13z24
, z¯ =
z¯12z¯34
z¯13z¯24
. (7)
According to the general principles of CFT, we can expand f as a sum of global conformal
blocks, explicitly [19]
f(z, z¯) =
∑
h,h¯
p(h, h¯) zhz¯h¯ F (h, h, 2h, z)F (h¯, h¯, 2h¯, z¯) (8)
where F is the Gauss hypergeometric function, the sum is over the dimensions of global
SL(2) primary operators, and the constants p are related to OPE coefficients p(h, h¯) =
λWWOh,h¯λV VOh,h¯ .
2.2 Continuation to the second sheet
In order to apply the above formulas to the correlators (1) and (2), we need to understand
how to obtain them as analytic continuations of the Euclidean four point function. That
this is possible follows from the fact that all Wightman functions are analytic continuations
of each other.2 The procedure involves three steps: first, one starts with the Euclidean
2Theorem 3.6 of [20].
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function, assigning small and different imaginary times tj = ij to each of the operators.
Second, with the imaginary times held fixed, one increases the real times of the operators
to the desired Lorentzian values. Finally, one smears the operators in real time and then
takes the imaginary times {i} to zero.3 The result will be a Lorentzian correlator ordered
such that the leftmost operator corresponds to the smallest value of , the second operator
corresponds to the second smallest, and so on.
This elaborate procedure is necessary because Eq. (6) is a multivalued function of the
independent complex variables {zi, z¯i}. The interesting multivaluedness (for our purposes)
comes from f(z, z¯). By crossing symmetry, this function is single valued on the Euclidean
section z¯ = z∗, but it is multivalued as a function of independent z and z¯, with branch
cuts extending from one to infinity. Different orderings of the W,V operators correspond
to different sheets of this function. To determine the correct sheet, we must assign i’s
as above, and follow the path of the cross ratios, watching to see if they pass around the
branch loci at z = 1 and z¯ = 1.
To carry this out directly, we write
z1 = e
2pi
β
(t′+i1) z¯1 = e
− 2pi
β
(t′+i1) (9)
z2 = e
2pi
β
(t′+i2) z¯2 = e
− 2pi
β
(t′+i2) (10)
z3 = e
2pi
β
(x+i3) z¯3 = e
2pi
β
(x−i3) (11)
z4 = e
2pi
β
(x+i4) z¯4 = e
2pi
β
(x−i4) (12)
as a function of the continuation parameter t′. When t′ = 0, we have a purely Euclidean
correlator, on the principal sheet of the function f(z, z¯). When t′ = t > x, we have an
arrangement of operators as shown in Fig. 1.
The cross ratios z, z¯ are determined by these coordinates as in Eq. (7). Their paths, as
a function of t′, depend on the ordering of operators through the associated i prescription.
Representative paths for the three cases of interest are shown in Fig. 2. The variable z¯
never passes around the branch point at one, and the z variable does so only in the case
corresponding to WVWV .
In the final configuration with t′ = t, the cross ratios are small. For t x, we have
z ≈ −e 2piβ (x−t)∗1234 z¯ ≈ −e−
2pi
β
(x+t)∗1234, (13)
where we introduced the abbreviation
ij = i(e
2pi
β
ii − e 2piβ ij). (14)
3In fact, we will omit this final step in this paper. However, we will omit it consistently on both sides
of the bulk and boundary calculations that we are comparing.
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z
Figure 2: The paths taken by the cross ratio z during the continuations corresponding to
(from left to right) 〈WVWV 〉, 〈WWV V 〉, and 〈WV VW 〉. Only in the first case does the
path pass around the branch point at z = 1. Our choice of t > x > 0 breaks the symmetry
between z and z¯, and the corresponding figures for z¯ are very boring: the z¯ coordinate
never circles one.
For the orderings WWV V and WV VW , no branch cuts are crossed, so the limit of
small cross ratios can be taken on the principal sheet of Eq. (8). The contribution from
the identity operator dominates, verifying our statement in the Introduction that both
〈W (t)V VW (t)〉β and 〈W (t)W (t)V V 〉β approach 〈WW 〉〈V V 〉β for large t.
The case corresponding to WVWV is more interesting. Here, z passes around the
branch point at one. The hypergeometric function F (a, b, c, z) has known monodromy
around z = 1, returning to a multiple of itself, plus a multiple of the other linearly
independent solution to the hypergeometric equation, z1−cF (1 + a− c, 1 + b− c, 2− c, z).
For small z, z¯ we then have
f(z, z¯) ≈
∑
h,h¯
p˜(h, h¯)z1−hz¯h¯, (15)
where p˜ has been defined to absorb the transformation coefficient. On this sheet, as z, z¯
become small, global primaries with large spin become important. As a function of x, t,
individual terms in this sum grow like e(h−h¯−1)te−(h+h¯−1)x. For sufficiently large t, this
sum diverges, and it must be defind by analytic continuation. In other words, we must
do the sum over h, h¯ before we continue the cross ratios. In a CFT dual to string theory
in AdS3, we expect this divergence even at a fixed order in the large c expansion, because
of the sum over higher spin bulk exchanges. The implications of this stringy physics for
boundary CFT chaos is under investigation in [17].
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2.3 The Virasoro identity block
We will make a few remarks about the inclusion of other operators in the Discussion.
However, the primary focus of this paper is to reproduce the Einstein gravity calculation
of the correlation function. In the bulk, this calculation is done by studying free prop-
agation on a shock wave background, which implicitly sums an infinite tower of ladder
exchange diagrams. In the CFT, these diagrams are related to terms involving powers and
derivatives of the stress tensor in the OPE representation of the four point function. In
a two dimensional CFT, all such terms can be treated simultaneously using the Virasoro
conformal block of the identity operator, itself an infinite sum of SL(2) conformal blocks.
Including these terms (and only these!) in the OPE amounts to replacing
f(z, z¯)→ F(z)F¯(z¯). (16)
where F is the Virasoro conformal block with dimension zero in the intermediate channel.
The function F is not known explicitly, but there are several methods for approximating
it. We will use a formula from [7], which is valid at large c, with hw/c fixed and small,
and hv fixed and large. In our notation, the formula reads
F(z) ≈
(
z
1− (1− z)1−12hw/c
)2hv
. (17)
This function has a branch point at z = 1, as expected. Following the contour around
z = 1 and taking z small, we find
F(z) ≈
(
1
1− 24piihw
cz
)2hv
. (18)
The trajectory of z¯ does not circle the branch point at z¯ = 1, so for small z¯, we simply
have F¯(z¯) ≈ 1, the contribution of the identity operator itself. Substituting (18) in (16)
and then in (6), we find
〈W (t+ i1)V (i3)W (t+ i2)V (i4)〉β
〈W (i1)W (i2)〉β 〈V (i3)V (i4)〉β ≈
 1
1 + 24pii hw
∗1234
e
2pi
β
(t−t∗−x)
2hv (19)
where we define the scrambling time t∗ with the convention
t∗ =
β
2pi
log c. (20)
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Eq. (19) is the main result of our paper. The essential point is that as t increases beyond
t∗+x, the correlation function starts to decrease, in keeping with expectations from [1, 2, 4].
In Appendix A, we calculate the above correlation function using the gravitational shock
wave techniques of the above-cited papers, finding precise agreement. We will finish this
section with several comments about this formula and extensions.
2.4 Various comments
The 1234 factors
If we take the j parameters to zero, the denominator in (20) diverges. This because, in
this limit, we have two pairs of coincident operators on the LHS, and the expectation value
is dominated by the high energy components of the operators. The function tends to zero
because the high energy components disturb the state violently and decorrelate faster. We
can avoid this divergence by smearing W and V over an interval of Lorentzian time L
before taking the  parameters to zero. This procedure will replace the 1234 factors with
∼ L2. Instead of doing this explicitly, we will leave the {j} finite. This is another way of
cutting off the high energy components, essentially inserting e−H between each operator.
Either way, 1234hwhv should be understood as proportional to β
2EwEv, the product of
the energy scales of the operators.
Validity of the block formula
The derivation of (17) in [7] is valid for large but fixed hv, in the limit of large c with hw/c
fixed and small. It is accurate uniformly in z, including on the second sheet. With this
scaling, W is a heavy operator. In the context of quantum chaos, we are interested in a
somewhat different limit, with light operators and long times: hw, hv, and cz fixed (on the
second sheet) as c → ∞. The distinction is subtle but important. With hw/c fixed, the
correlation function (19) becomes affected at a time t ∼ β
2pi
log c/hw, which is order one as
a function of c. On the other hand, with hw fixed, this timescale grows with c.
Based on agreement with bulk calculations, it seems that formula (19) is actually still
valid in this scaling, provided that hw  hv  1. It would be good to derive this fact
directly. In the meantime, we note the SL(2) blocks are enough to show that (for fixed
hw, hv, large c) the time until the correlator is affected is of order t∗ =
β
2pi
log c. This
criterion comes from the contribution of the stress tensor to (15), which is proportional to
hvhwz/c ∼ hvhwe
2pi
β
(t−t∗−x).
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Convergence in 1/c
Notice that the power series in 1/c diverges when the second term in the denominator
becomes equal to one. This is for t ≈ x+ t∗. However, the correlation function is perfectly
well behaved at that point. This illustrates the importance of doing the sum over h, h¯
before continuing onto the second sheet.
Asymmetry in hw and hv
The expression on the LHS is basically symmetric under interchanging W and V , but our
answer on the RHS is definitely not. This is because we have assumed that hw  hv. We
assumed this for purely technical reasons—the Virasoro identity block is not known in the
limit of interest if hw and hv are comparable. Using holography, we can write the answer
for general hw, hv as an integral over momenta and transverse coordinates. We give this
expression in (50) of appendix (A). This constitutes a prediction for the behavior of the
Virasoro identity block at small values of z on the second sheet. It would be interesting
to check this directly in conformal field theory.
A two-sided configuration
Although the correlation function (19) is a purely ‘one-sided’ quantity, defined with respect
to the thermal expectation value, its behavior is closely related to the disruption of ‘two-
sided’ entanglement of the thermofield double state, as studied in [1, 2, 3].
The thermofield double state is a purification of the thermal ensemble we have been
considering, given by
|TFD〉 = 1√
Z(β)
∑
i
e−βEi/2|i〉L|i〉R, (21)
where two noninteracting copies of the system are denoted L and R, and Z(β) is the
thermal partition function of an individual system. Given an operator O, we define OR =
1⊗O acting on the R system and OL = OT ⊗ 1 acting on the L system. The thermofield
double state has a high degree of local correlation between these pairs. As shown in
[1], a small perturbation to one of the systems at an early time will disrupt the local
entanglement. We can diagnose this by studying correlation functions in the perturbed
state |ψ〉 = W (t)R|TFD〉
〈ψ|VLVR|ψ〉 = 〈TFD|W (t)RVLVRW (t)R|TFD〉. (22)
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It is easy to check that this correlation function is related to a one-sided correlation function
of the type (1) by analytic continuation,
〈ψ|VLVR|ψ〉 = 〈W (t)VW (t)V (iβ/2)〉β. (23)
We can make this continuation directly in (19) by setting 4 = β/2 and 3 = 0. Then
34 → 2i. Again, as the time t increases past t∗ + x, the two-sided correlation begins to
decrease exponentially.
Commutators and growth of operators
The correlation function (19) is closely related to the square of the commutator
〈[W (t), V ]2〉β. (24)
As the correlation function (19) becomes small, the commutator becomes large, of order
〈WW 〉〈V V 〉. In [4], the behavior of this commutator was used to determine the growth of
a precursor operator such as W (t). Here, we think about V as a probe to determine the
size of W (t). Translated in terms of the correlator (19), the definition of [4] is that the
size of W (t) is the volume of the region (as a function of the location of V ) in which the
correlator is less than one half. This volume is a ball, and radius of the operator r[W (t)] is
defined as the radius of that ball. For d dimensional CFTs dual to Einstein gravity, [1, 4]
found that the ball has radius
r[W (t)] ≈ vB(t− t∗), vB =
√
d
2(d− 1) . (25)
Specializing to d = 2, we find vB = 1, in agreement with (19).
Two-sided entropy
Another two-sided quantity of interest is the entropy SAB between two matching semi-
infinite intervals, one on each boundary. Apart from the usual UV divergence near the
boundary of the intervals, this entropy is finite. In other words, there is no IR divergence
despite the infinite length of the intervals. As pointed out in [21], this is related to the
local entanglement of the two sides of the thermofield state.
As discussed above, applying a small local perturbation at an early time will disrupt
this entanglement and cause the entropy SAB to grow. Using the gravity techniques of
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[1, 4], one can check that the mutual information decreases linearly with the time of this
perturbation, t, as (for large t)
∆SAB =
pic
3β
(|t| − t∗ − |x|) + (const), (26)
where the constant depends on the smearing and dimension of the perturbing operator,
and where x is the distance outside the interval that the perturbation was applied. In
this paper, we chose to focus on four point functions instead of entropy, but the Virasoro
identity block can also be used to calculate the above, following very closely the techniques
in [8] and the conformal mappings used in this section. We have verified that the answer
matches.4
Scrambling in the vacuum
In this paper, we have focused on thermal expectation values. It is interesting to compare
to similar correlation functions, evaluated in the vacuum. Taking limit of (9)–(12) for
infinite β, the conformal cross ratio for t x becomes z ≈ −(1− 2)(3− 4)/(t− x)2. In
this configuration, the contour still crosses the branch cut, and we find
〈WVWV 〉 ∝
(
1
1 + 24pii hw(t−x)
2
c(1−2)(3−4)
)2hv
, (27)
where in this case the expectation is taken in the vacuum state.
We can understand this result as a type of “slow scrambling” that happens in an
extremely low temperature state on an infinite line, with β  √cL, where L is the
smearing scale of the operators. In that case, for L
√
c < t < β, the correlation will
decrease with power law dependence as ∼ t−4hv . After t becomes comparable to β, the
dependence will be given by (19) and will decrease exponentially.
3 Discussion
Several manifestations of chaos in quantum field theory have recently been discussed:
disruption of atypical correlations by small perturbations, [1, 3], large commutators [2, 5],
linear growth of precursor operators [4], —all of which are ultimately connected to an
out-of-time-order correlation function of the form 〈W (t)VW (t)V 〉β. Previous studies have
4A similar problem was recently studied by [22], and a linear increase in the entropy was found, but
the formula differs significantly from (26).
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relied on holography. In this paper, we showed how to obtain the relevant correlation
function starting from the Euclidean correlator, following [10] and [6]. We then used
an approximation to the Euclidean correlation function, the Virasoro identity block [6,
7], to compute the out-of-time order correlation function. We found agreement with a
generalization of the original holographic calculation of [1].
However, it is clear both from the perspective of holography and conformal field theory
that there is more to the correlation function than our main result, (19). In the bulk, we
see this in the form of stringy corrections to the correlator (which are important at large
t) [17]. In conformal field theory, we have to consider the effect of operators that are not
Virasoro descendants of the identity. We can make some progress from the CFT side by
considering additional operators in the channel of the four-point function.
To explore these contributions, let us compare the second-sheet contribution of the
stress tensor, ∝ et−x, to the contribution of a general SL(2) primary, e(h−h¯−1)t−(h+h¯−1)x.
At leading order in 1/c, the most important contributions should be from single-trace
operators. In a theory with a weakly curved holographic dual, the lowest-dimension single
trace operators with spin greater than two should have parametrically large dimension. A
useful example to keep in mind is a low n string state on the leading Regge trajectory,
with h − h¯ = n and h + h¯ ∼ √nms`AdS. The contribution of this type of operator is
suppressed as a function of x, but at sufficiently large t, such that
(h− h¯− 2)t > (h+ h¯− 2)x, (28)
it will dominate over the stress tensor. If we fix x, then at t∗, the above criterion will be
satisfied. This is in keeping with the bulk analysis of [17], which shows that a Regge-type
resummation of an infinite number of stringy operators is necessary.
At sufficiently large x, this criterion will not be satisfied (here, we are assuming large
ms`AdS), even at the relevant scrambling time t = t∗+ x. This indicates a region in which
identity block will dominate. We would like to suggest that there is another: very large
t  t∗ + x. Our reason for this suspicion is the bulk geodesic ‘bending’ discussed in
appendix A. For simplicity, let us set x ≈ 0. Then for t > t∗, the important correlation
comes from bulk geodesics that pass through the horizon at transverse coordinate |x′| ∼
(t − t∗)/2. If this x′ is large enough to violate (28), we expect the extra operator to be
subleading compared to the identity.
To put a little flesh on this idea, let us consider the Virasoro block of the h, h¯ operator,
rather than the SL(2) block. Using, again, the results from [7] and continuting to the
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second sheet, we find
Fh(z)
F(z) ≈
(
16
z − 24piihw
c
)h
(29)
where F(z) is the identity block (19). For x = 0 and t > t∗, this ratio is proportional to
e
2pi
β
ht∗ . Together with the contribution from the antiholomorphic block, which is e−
2pi
β
h¯t,
we find that the h, h¯ operator will dominate only if
h¯t < ht∗. (30)
For large E = h+ h¯ and to leading order in J/E = (h− h¯)/(h+ h¯), this is consistent with
the criterion (28) for the SL(2) blocks, but evaluated at the ‘bent’ location x′ = (t− t∗)/2.
Finally, we will comment on two possible extensions that were not indicated above.
First, using methods outlined in [6], it seems possible to extend our analysis to multi-
point functions dual to the multiple shock wave backgrounds studied in [2, 4]. Second, we
note that shock wave geometries and de-correlation have been studied in relation to tensor
networks [23] and computational complexity [24, 25, 26, 27]. It would be interesting to
translate the Virasoro identity block approximation (and corrections) into the language of
those papers.
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A Bulk calculations
In this section we will compute the correlation function (19) using the gravitational shock
wave methods of [1, 4]. The idea is as follows. If hw  hv  1, we can calculate the
correlation function by treating the W operator as creating a shock wave, and calculating
the two point function of the V operator on that background. Although the calculation
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can be done for general j, we will focus on the case where 1 = −τ , 2 = τ , 3 = 0 and
4 = β/2, because this corresponds to a two-sided expectation value
〈ψ|VLVR|ψ〉
〈ψ|ψ〉〈VLVR〉 (31)
in the state
|ψ〉 = WR(t+ iτ)|TFD〉. (32)
Here, the normalization factor 〈VLVR〉 is evaluated in the unperturbed thermofield double
state. Eq. (31) is the correlation function studied in [1]. The analysis breaks into two parts:
(i) finding the geometry of the shock sourced by W and (ii) computing the correlation
function of the V operators in that background.
A.1 The shock geometry
The metric of a localized shock wave5 in 2+1 dimensional AdS Rindler space, is [28, 29,
10, 1, 4]
ds2 = − 4
(1 + uv)2
dudv +
(1− uv)2
(1 + uv)2
dx2 + 4δ(u)h(x)du2, (33)
where h will be defined below. Schwarzschild (r, t) are related to the Kruskal (u, v) by
r =
1− uv
1 + uv
, t =
1
2
log
(
− v
u
)
. (34)
The inverse temperature β is 2pi. We will consider a shock sourced by a stress tensor
Tuu(u
′, v′, x′) = P δ(u′)δ(x′ − x), (35)
appropriate for a particle sourced by the W operator, traveling along the u = 0 horizon
at transverse position x. The constant P is related to the momentum pv of the particle.
The metric (33) can be understood as two halves of AdS-Rindler, glued together at u = 0
with a shift
δv(x) = h(x) (36)
in the v direction. Plugging in to Einstein’s equations, we determine h as
h(x′) = 2piGNPe−|x
′−x|. (37)
5Although we refer to these geometries as shock waves, the terminology is somewhat misleading in 2+1
dimensions, since the geometry is locally pure AdS3 away from the source.
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To relate this geometry to the state |ψ〉, we need to fix P . In other words, we need to
evaluate
〈ψ| ∫ dx′du′ Tuu|ψ〉
〈ψ|ψ〉 , (38)
where we take the integral to run over the slice v = 0. We will assume that W is dual to
a single-particle operator in the bulk, so that the state |ψ〉 can be described by a Klein-
Gordon wave function K. This wave function is a bulk-to boundary propagator from the
location (x, t) of the W operator. It is given in terms of the regularized geodesic distance
d from the boundary point, as K ∝ (cosh d)−2hw . At v = 0, we find
K(t, x;u′, x′) =
N
[etu′ + cosh(x− x′)]2hw . (39)
N is a normalization that will ultimately cancel, so we will set it to one.
We will evaluate the denominator of (38) first. The norm 〈ψ|ψ〉 is a Klein-Gordon
inner product
〈ψ|ψ〉 = 2i
∫
dx′du′ K(t+ iτ, x;u′, x′)∗∂u′K(t+ iτ, x;u′, x′). (40)
The u′ integral can be done using contour integration, and the x′ integral can be done in
terms of Γ functions:
〈ψ|ψ〉 = 4pi
3/2
(2 sin τ)4hw
Γ[4hw]
Γ[2hw]Γ[2hw +
1
2
]
. (41)
For the numerator, the stress tensor for the Klein-Gordon field is given by the expression
Tuu = ∂uϕ∂uϕ. Contracting bulk operators with boundary operators using K, we have
〈ψ|
∫
dx′du′ Tuu|ψ〉 = 2
∫
dx′du′ ∂u′K(tw + iτ, x;u′, x′)∗∂u′K(tw + iτ, x;u′, x′), (42)
where the factor of 2 comes from the two different ways of doing the contractions. The
integrals can be done the same way as before:
〈ψ|
∫
dx′du′ Tuu|ψ〉 = 8pi
3/2etw
(2 sin τ)4hw+1
Γ[4hw]Γ[2hw +
1
2
]
Γ[2hw]3
. (43)
Taking the ratio at large hw, we find
P =
2hw e
t
sin τ
. (44)
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A.2 The two point correlator
The second step, following [1], is to compute the two-sided correlation function of the V
operators in this shock background. We will do this using the geodesic approximation
〈ψ|VLVR|ψ〉 ∝ e−md, (45)
where d is the regularized geodesic distance, and the mass m is approximately 2hv, the
conformal weight of V .
The relevant geodesic passes from t = 0 and x = 0 on the left boundary to t = 0 and
x = 0 on the right. As in [1], we first compute the length of a geodesic from the left
boundary to an intermediate point on the u = 0 surface (v′, x′), and then we add it to the
length from that point to the right boundary. These distances can be worked out from the
embedding coordinates:
d = 2 log 2r∞ + log
[
coshx′ − v′
]
+ log
[
coshx′ + v′ + h(x′)
]
, (46)
where r∞ is the cutoff at the boundary of AdS, and h(x) is given by (37). The true geodesic
distance is given by extremizing this sum over the intermediate point. This gives
d = 2 log 2r∞ + log
[
1 + h(0)
]
. (47)
Note the difference from the behavior 2 log(1 + h/2) in the spherically symmetric setting
of [1]. At large h(0), the distance is half of what one might naively expect based on the
spherical problem. The reason is that, for t > t∗ + x, the geodesic bends away from the
source of the shock, passing through at transverse position
x′ ≈ t∗ + x− t
2
< 0, (48)
here x > 0 is the transverse position of the source of the shock.
After subtracting the divergent distance in the unperturbed thermofield double state,
dTFD = 2 log 2r∞, we plug the distance into (45), finding
〈ψ|VLVR|ψ〉
〈ψ|ψ〉〈VLVR〉 =
(
1
1 + 4piGNhw
sin τ
et−x
)2hv
. (49)
This agrees with (19) after (i) using GN = 3/2c to express the gravitational constant in
terms of the central charge, (ii) plugging in 1 = −τ , 2 = τ , 3 = 0, 4 = β/2 and (iii)
using β = 2pi.
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A.3 Generalization
The case with general j and general hw, hv is analyzed in [17]. The calculation is similar
to the above, but includes an integral over the momentum of the shock, weighted by wave
functions associated to the W operator. We will not give the details of this calculation
here, but we will note that it can be used to give a prediction for the behavior of the
Virasoro conformal block F
F(z) = c20
∫ ∞
0
dp dq
∫ ∞
−∞
dx dy p4hw−1q4hv−1e−p coshxe−q cosh ye3piipq e
x+y/cz. (50)
where the normalization constant ensures that F(z) = 1 when c =∞:
c0 =
21−2hw−2hv
Γ[2hw]Γ[2hv]
. (51)
We remind the reader that this expression is on the second sheet, where z has passed
around the branch point at z = 1. For hw  hv  1, one can check that this reduces to
(19). However, the formula should be accurate for all hw, hv in the large c limit with cz
fixed. It would be interesting to check this directly in CFT.
B Ising model
It is interesting to contrast the behavior of out-of-time-order correlators in a chaotic theory
to those in an integrable theory. In a chaotic theory, we expect all thermal correlators of
the form 〈W (t)VW (t)V 〉β should become small for sufficiently large t, regardless of which
operators V and W are correlated. This will not be the case in an integrable theory.
As an example, we consider the two-dimensional Ising CFT. This theory has c = 1/2
and three Virasoro primary operators: I, σ, and , corresponding to the identity, ‘spin,’ and
‘energy’ operators. The different combinations of four-point correlators of these primaries
are well known [30, 31, 32]. We will present these by giving the function f(z, z¯) in Eq.(6)
for the three cases:
fσσ(z, z¯) =
1
2
∣∣∣∣ 11− z
∣∣∣∣1/4(∣∣1 +√1− z∣∣+ ∣∣1−√1− z∣∣), (52)
fσ(z, z¯) =
∣∣∣∣ 2− z2√1− z
∣∣∣∣2, (53)
f(z, z¯) =
∣∣∣∣1− z + z21− z
∣∣∣∣2, (54)
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where the subscripts in fWV denote W and V , and the operators are ordered WVWV
with the configuration specified by (9)–(12).6 z and z¯ still given by (13). Since we treat
z, z¯ as independent, the notation |h(z)| should be interpreted as √h(z)√h(z¯). It’s easy
to see that the 〈σσσσ〉 and 〈σσ〉 correlators have branch points at z = 1, while 〈〉
does not. Following the contour across the branch cut for the two correlators that do have
a second sheet and taking z small, we find
〈σσσσ〉β
〈σσ〉2β
= 0,
〈σσ〉β
〈σσ〉β〈〉β = −1,
〈〉β
〈〉2β
= 1. (55)
Only 〈σσσσ〉 vanishes at large t.
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